The three-dimensional electron-gas model has been a major focus for many-body theory applied to the electronic properties of metals and semiconductors. Because the model neglects band effects, whereas electronic systems are generally more strongly correlated in narrow band systems, it is most widely used to describe the qualitative physics of weakly correlated metals with unambiguous Fermi liquid properties. The model is more interesting in two space dimensions because it provides a quantitative description of electrons in quantum wells and because these can form strongly correlated many-particle states. We illustrate the range of possible many-particle behaviors by discussing the way correlations are manifested in 2D tunneling spectroscopy experiments.
Introduction
In metals and semiconductors electrons interact among themselves and with nuclei which are localized, in ordered solids, near lattice sites. Even after ignoring the translational degrees of freedom of the nuclei, we are left with a host of different many-body problems for interacting electron systems. In elemental solids, we have ∼ 100 different interacting electron problems specified, for example, by the atomic numbers and lattice constants of the periodic table on the inside front cover of the text by Ashcroft and Mermin. 1 Problems of current interest in many-electron physics are more likely to be found in complicated compounds such as the quaternary cuprate superconductors, or in artificially fabricated systems such as metallic magnetic multilayers or semiconductor quantum dots. The set of possible manyelectron problems is endless and, fortunately for this scientific subfield, the history of condensed matter physics teaches that discoveries of unanticipated properties in newly synthesized materials will also be endless.
Given the large number of many-electron problems, the hopeless difficulty of each, and the difference between the largest energy scales of these problems and the energy scales of the excitations that determine physical properties at room temperature and below, a common strategy of many-body theories is to work with models that are intended to faithfully describe essential aspects of the observed behavior of classes of materials without introducing incidental complications. Perhaps the most commonly studied models are the Hubbard model, which emphasizes the physics of strong repulsion between electrons near the same lattice site, and the electron gas model which mistreats atomic-like correlations at short length scales and captures instead the physics of screening and long-length scale correlations in metals. All electron ab-initio calculations are generally limited to the consideration of physical properties and systems for which self-consistent-field approximations, still present in practice even in modern density-functional 2 based electronic-structure calculations, are adequate. This situation frequently creates a difficulty in judging whether discrepancies between many-body theories and experiment are due to inadequacies of a model, or due to inadequacies of the approximations used to estimate the properties of a model. The case of electrons in semiconductor quantum wells is unusual in this respect. At energies below the subband splitting of the quantum well, these systems are extremely accurately modeled by a two-dimensional (2D) version of the electron-gas model. In this paper we discuss some recent experimental and theoretical work on the many-body physics of the 2D electron gas. We limit our attention to the one-particle Greens function, which can be probed experimentally in these systems by 2D-2D tunneling spectroscopy.
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The paper is organized as follows. In section II we discuss the case of a 2D electron system in a strong magnetic field with a partially filled Landau level. In this limit, the electronic ground state is not a Fermi liquid and the one-particle Greens function exhibits strongly non-perturbative behavior in which a large gap surrounding the Fermi energy is present in the tunneling density-of-states. This behavior is characteristic of strongly correlated electronic states. In section III we discuss the case of zero magnetic field, where experimental results confirm the Fermiliquid nature of the electronic state, and tunneling experiments imply quasiparticle lifetimes in semi-quantitative agreement with simple random-phase-approximation estimates. Section IV offers some speculations on changes that should be expected in the zero-field tunneling density of states as the electron density is lowered and the electronic system becomes more strongly correlated. We conclude in Section V with a brief sumamry.
One-particle Greens Function at Strong Magnetic Fields
For a non-interacting electron system, the one-particle Greens function G i (ǫ) has a single pole at ǫ = ǫ i , where ǫ i is an eigenvalue of the one-body Hamiltonian. Since many observables can be expressed entirely in terms of the one-particle Greens function, 7 the way in which it is altered by interactions is a central topic of manybody theory. In 2D systems tunneling experiments 6 have proved particularly valuable for experimental studies of the one-particle Greens function. In a tunnelingHamiltonian formalism, 8 the tunneling current between weakly linked electronic systems is given at zero temperature by
where µ is the Fermi energy, L and R labels are used to distinguish 2D systems on opposite sides of the tunneling barrier, A + i (ǫ) and A − i (ǫ) are the particle and hole contributions to the spectral weight function for single-particle label i and V is the bias voltage. The spectral weights are related to the exact one-particle Greens function as described below. When interactions are neglected A
if state i is occupied and the spectral weights are otherwise zero. In strongly correlated systems, the spectral function can be qualitatively altered.
In the presence of a perpendicular magnetic field, the single-particle kineticenergy spectrum consists of Landau levels 9 with energy ǫ n =hω c (n + 1/2) and macroscopic degeneracy N φ = AB/Φ 0 . Here ω c = eB/mc is the cyclotron frequency, A is the system area, B is the magnetic field strength, and Φ 0 = hc/e is the magnetic flux quantum. The one-particle Greens function is defined by
where c n,m and c † n,m are respectively fermion annihilation and creation operators for one of the degenerate states within the n'th Landau level, and |Ψ 0 is the ground state of the interacting electron system. 10 We restrict our attention here to n = 0 and drop the Landau level index on G n (ǫ). The Greens function can then be written in the form
where the particle and hole spectral functions A + and A − have the following formal expression in terms of exact eigenstates of the Hamiltonian:
When interactions are neglected, states in the lowest Landau level are degenerate and are occupied with probability ν where ν = N/N φ and N is the number of electrons in the many-particle system. It follows that A + (ǫ) = (1 − ν)δ(ǫ) and A − (ǫ) = νδ(ǫ). When these spectral functions are inserted in Eq.( 1) we find that I ∝ ν(1 − ν)δ(eV ). If interactions were unimportant, a sharp peak in the tunneling current would occur near zero bias. The experimental results 11 of Eisenstein et al. shown in Fig.[1] evidence quite the opposite behavior; the tunneling current is immeasurably small at zero bias and is peaked instead near a bias voltage of ∼ 5mV. Since I(V ) depends on the product of electron and hole spectral functions at energies within eV of the Fermi energy, it follows that both are extremely small close to the Fermi energy. Similar conclusions can be drawn on the basis of 3D-2D tunneling experiments 4,12 by Ashoori and collaborators. This experimental result can be understood in qualitative terms as a consequence of strong correlations in the ground state of the electron system. When an additional electron is added to the ground state of an N electron system, it is not strongly correlated with the electrons already present. The resulting N + 1 particle state will have a small overlap with the ground state or any low energy states of the strongly correlated N + 1 electron system. A + (ǫ) should therefore be peaked at energies well above the energy difference between the ground states of the N + 1 and N particle systems, the chemical potential µ. The traces are at magnetic fields separated by 0.25 Tesla and for this sample cover a range of filling factors from ν = 0.48 to ν = 0.83. The higher bias potential peak is due to Landau level mixing while the lower bias potential peak is due to tunneling within the lowest Landau level. The tunneling current is the convolution of particle and hole spectral weight functions, at energies separated by eV . This experiment shows that the tunneling current is strongly suppressed near zero bias and hence that the spectral weight functions are suppressed at energies near the Fermi energy over a broad range of filling factors. Features in the tunneling data associated with particular incompressible states, for example the one that occurs at ν = 2/3, are weak. The inset shows the onset and peak values of the intra Landau level tunneling currents. (After Eisenstein et al. in Ref.11.) Despite the achievement of a number of valuable insights, 13 we still do not have a completely satisfactory theory for the spectral weight function in the strong magnetic field limit. Nevertheless, the connection between the energy at which the tunneling current is peaked and correlations in the ground state of the electron system suggested by the preceding words can be made more precise.
14, 15 The following sum rules for the zeroth and first moments of A(ǫ) ≡ A − (ǫ) + A + (ǫ) follow from Eqs. ( 4):
and
In Eq. ( 6),
is the single-particle Hartree-Fock energy for this system. The last identity in Eq. ( 6) follows from translational invariance which requires that Ψ 0 |c † m c m |Ψ 0 = ν for all m. These sum rules should be compared with those for A − :
where ǫ 0 (ν) = E 0 /N φ is the many-particle ground state energy per lowest-Landaulevel orbital. The last identity is an adaptation, to the case of Hamiltonians that include only an interaction term, of the expression for the ground state energy in terms of the one-particle Greens function, derived using an equation of motion approach in many-body theory texts. 7 Its application here rests on the observation
The integrated weight of the hole part of the spectral weight function is ν and its mean energy is therefore ǫ − = 2ǫ 0 (ν)/ν. For A(ǫ), the integrated weight is 1 and the mean energy is ǫ HF . It follows that the mean energy in the particle part of the spectral weight function is
The second term on the right hand side of this equation is a sum rule estimate of the gap separating peaks in the hole and particle portions of the spectral weight, ∆ sr . ∆ sr will give an accurate value for the peak position whenever the peak is sharp and its position well defined; a property established for the present case by experiment. The dependence of ∆ sr on ν is illustrated in Fig.[2] ; when corrected for finite quantum well width effects these results agree well with experiment.
Since in the present case there is no one-body term in the Hamiltonian, the ground state energy per orbital in the Hartree-Fock approximation is νǫ HF /2. The gap is proportional to the amount by which the ground-state energy lies below the Hartree-Fock approximation ground-state energy, i.e., the gap is proportional to the correlation energy. We see that in the strong-magnetic-field case where the kinetic energy can be completely removed from the problem, the intuitive notion that there should be a gap in the electronic spectral function related to ground-state correlations has surprising exactness. Now we turn to the zero magnetic field limit, where interactions are in competition with the kinetic energy.
2D Tunneling Spectroscopy of the Fermi Liquid State
At zero magnetic field, we can label states in the 2D electron system by twodimensional wavevectors. A unique feature of 2D-2D tunneling between quantum wells in epitaxial layered semiconductors, is the near perfect translational invariance perpendicular to the tunneling direction which selects momentum-conserving tunneling processes. Accounting for spin-degeneracy at zero field, the tunneling current is
For non-interacting 2D electrons, the spectral-weight function had a delta-function peak in the hole contribution for | k| < k F and a delta-function peak in the particle contribution for | k| > k F where k F is the Fermi wavevector. The tunneling current consequently has a delta-function peak at zero bias. At zero magnetic field, it is generally expected that the interacting 2D electron system should be in a Fermiliquid state in which a large fraction of the spectral weight lies in a sharp Lorentzian quasiparticle peak centered at the quasiparticle energy:
Here Γ k =h/2τ k where τ k is the quasiparticle lifetime, E k is the quasiparticle energy, z k < 1 is the quasiparticle normalization factor, and A inc k is the part of the spectral function non included in the quasiparticle peak. In a Fermi liquid, the quasiparticle lifetime diverges in the limit of zero temperature as k approaches k F .
If we ignore the renormalization of the quasiparticle energy due to interactions and the decrease of the quasiparticle lifetime on moving away from the Fermi surface, the contribution to the integrals in Eq.( 11) from the quasiparticle portion of the spectral function can be evaluated analytically with the result
where ν 0 is the 2D Fermi-gas density of states. A finite quasiparticle lifetime turns the δ function peak in the tunneling conductance into a Lorentzian. This is exactly what is seen in experiment, 16 providing a very direct confirmation of the Fermi-liquid nature of the 2D electron-gas state at zero field. The zero-bias peak in the tunneling conductance at zero field stands in stark contrast with the extremely small conductance at small bias found at strong fields and discussed in the previous section. The 2D tunneling-spectroscopy experiment is a sensitive indicator of the nature of the many electron state. This simple result for the tunneling-conductance-spectroscopy line shape applies when all quasiparticle lifetimes are approximated by their value at | k| = k F . Detailed calculations 17, 18 show that the true line shape is not Lorentzian, but that the voltage at which G qp is reduced to half of its V = 0 value is increased by only 20% when the k dependence of the quasiparticle lifetime is taken into account. Thus it is possible to read off the quasiparticle lifetime at the Fermi energy by looking at the width of the zero-bias tunneling conductance peak. As illustrated in Fig.[3] , the measured lifetimes are in reasonable accord with randomphase-approximation theoretical estimates. Theoretical and experimental lifetimes can be brought into closer agreement by incorporating proposals for improving on the random-phase approximation from the electron-gas many-body-theory literature. The improved agreement supports the efficacy of exchange-correlation localfield corrections to the random phase approximation.
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The sharp peak in the tunneling conductance near zero bias is due entirely to quasiparticle peaks in the spectral weight functions. As long as the 2D electron system is a Fermi liquid, this peak will be present. However, as the electron system becomes more strongly correlated, the quasiparticle normalization factor z k will become smaller and the incoherent part of the spectral function will become more dominant. We now turn our attention to some speculations on what will happen in this regime.
Strong Correlations at Zero Magnetic Field
A 2D electron system becomes increasingly correlated at low electron densities. The density is usually parameterized in terms of the electron gas parameter r s defined by the following equation:
where a 0 =h 2 ǫ/m * e 2 is the host semiconductor Bohr radius, m * is the bandstructure effective mass of the electrons, and ǫ is the host semiconductor dielectric constant. When r s is large, the typical interaction-energy scale is much larger than the typical kinetic-energy scale, and the electron system is strongly correlated. For r s larger than 20 about 30 a phase transition between the Fermi-liquid electronic state and a Wigner-crystal state with broken translational symmetry is expected to occur. Existing tunneling experiments in 2D electron systems have been performed on samples with r s < 2, which have moderate correlations adequately described by the random-phase approximation. We expect that when experiments are performed in samples with much lower density, the zero-bias Fermi-liquid peak in the tunneling conductance will be embedded in a broader structure with a minimum near zero bias similar to what has already been observed for strongly correlated states in partially filled Landau levels. This expectation follows from a sum-rule analysis similar to that in Section II.
At zero magnetic field, the one-particle Greens function is diagonal in a representation of wavevectors and spins, k and σ. Although, unlike the strong field case, the Greens function is dependent on its single-particle state labels, it still satisfies similar identities for the zeroth and first moments of the full spectral function:
Note that in Eq. ( 16), n k,σ = Ψ 0 |c † k,σ c k,σ |Ψ 0 rather than the non-interacting Fermi gas occupation number. If not for this distinction, E k would be the Hartree-Fock approximation to the quasiparticle energy. Below we compare the total energy of the electron system with the quantitỹ
If n k were equal to its non-interacting value,Ẽ would be the Hartree-Fock approximation to the ground-state energy. Actually,Ẽ will be larger than the Hartree-Fock ground-state energy, since the kinetic energy is increased and the exchange energy reduced in magnitude by the partial occupation of states outside the Fermi sea.
The difference between the exact ground-state energy E and the approximate value obtained in a Hartree-Fock approximation is generally referred to as the correlation energy of an interacting electron system. In the following, we will appropriate this language in referring to the difference between E andẼ. We employ an exact identity 7 that follows from the equation of motion for the one-particle Greens function and relates the hole part of its spectral weight to the total energy:
Here we have noted that n k is the zeroth moment of A (−) k (ǫ) and defined the average hole energy ǫ − k as the ratio of the first and zeroth moments. Comparing this expression with the expression forẼ, we find that the correlation energy can be written in the form:
where ǫ + k is the mean energy in the particle portion of the spectral weight function so that
For a low-density 2D electron gas, correlations are strong. The correlation energy is negative and comparable in magnitude to the total energy per electron. One way in which this can be consistent with Eq. ( 19) is if, for ∼ N values of k, the spectral-weight function A k (ǫ) has a substantial portion of its weight distributed between non-quasiparticle peaks located near ǫ − k and ǫ + k and relatively little weight attached to its dispersive quasiparticle peak. This is precisely what happens in the strong field limit where, in accord with the non-Fermi-liquid character of the ground state, the quasiparticle peak is entirely absent. We now consider two quite different examples, in which this scenario is realized. The generality of the behavior convinces us that it is ubiquitous in strongly correlated fermion systems.
The one-band Hubbard model is a lattice model in which electrons interact only if they occupy the same lattice site. The one-band version of this model has been extremely widely studied 21 in connection with the strong correlations that exist in the planar cuprate superconductors, especially in the underdoped regime. Electrons in this model become strongly correlated when the band is near half-filling and when the on-site interaction U is larger than the intersite hopping energy t. The one-particle Greens function is readily evaluated at half-filling in the narrowband (t → 0) limit. The ground state has eigenenergy 0 and is 2 N fold degenerate. The zero energy states are those with one electron of either spin on each lattice site. Averaging over these states gives n k,σ = 1/2. Removing an electron from any lattice site in any of the 2 N states gives a state with zero energy so that for each wavevector in the Brillouin zone, A = U . These two peaks in the spectral function are referred to as the lower and upper Hubbard bands and they broaden when t = 0. The mean-field single-particle energy, calculated from the mean occupation numbers but including exchange corrections which eliminate interactions between parallel spins on the same site, is E k = U/2 and, taking note of the double-counting factor for this interaction energy, the corresponding total energy isẼ = N U/4. In this case, the spectral weight is entirely comprised of non-dispersive delta-function hole and particle contributions. This non-Fermi liquid state has no dispersive quasiparticle pole which sharpens on crossing the Fermi energy. In precise agreement with Eq.( 19), the two peaks are split by an amount proportional to the correlation energy per particle. For finite t, the Hubbard model is generally expected to have a Fermi liquid ground state away from the half-filled band condition. An important issue 21 in the many-body theory of the Hubbard model has been the question of whether the dispersive quasiparticle peaks at the Fermi energy are created by moving one of the Hubbard bands to the Fermi energy or by drawing weight away from the Hubbard bands to quasiparticle bands at the Fermi energy. Since the correlation energy can be strongly dependent on band-filling, the sum rules discussed here appear to preclude the former possibility and argue for quasiparticle bands which are energetically separate from both quasiparticle bands.
Another example that is relevant to the case of a 2D electron gas occurs when the translational symmetry is broken in the Wigner-crystal ground state. The broken symmetry requires a modification of our analysis that we will not detail here, since the Greens function in no longer diagonal in wavevector. Nevertheless, the connection between strong correlations and peaks in the spectral function that are away from the chemical potential is again present. The chemical potential in this system is the energy increase upon adding a particle by slightly decreasing the lattice constant, or the energy decrease upon removing a particle by slightly increasing the lattice constant. The particle portion of the spectral function has a peak at energies far above the chemical potential since the particle can be added at an arbitrary position, including energetically unfavorable positions near one of the crystal lattice sites. The hole portion of the spectral-weight function is peaked at energies well below the chemical potential, since the state with a particle removed from a lattice site will have an energy substantially larger than that of the adjusted lattice constant state. The correlation energy of the Wigner crystal state is proportional to the separation of these two non-quasiparticle peaks in the spectral weight function.
The 2D electron system is believed to have a Fermi-liquid ground state at all values of r s below those at which the transition to the Wigner-crystal state occurs.
For large values of r s , where a relatively small fraction of the spectral weight lies in the quasiparticle peak, the correlation energy is very close to that of the Wignercrystal state. The electronic state is nearly as strongly correlated as the quantumfluid states that occur at strong magnetic fields in partially filled Landau levels. Based on the preceeding examples and the sum rules discussed above, this suggests that the non-quasiparticle portion of the spectral function at zero field and low electron densities will be qualitatively similar to those at strong fields, leading to 2D-2D tunneling spectroscopy results which have a small Fermi-liquid peak at the chemical potential but are otherwise similar to those illustrated in Fig.[1] . Since n k ≪ 1 for all k in this density regime, it follows from Eq.( 19) that the non-Fermiliquid peak in the tunneling conductance should occur when eV is comparable to the correlation energy per particle. The situation should be quite close to that expected in Hubbard model systems where strongly dressed quasiparticle bands are separate from the lower and upper Hubbard bands. Tunneling spectroscopy studies of 2D electron gas systems have the potential to provide even more detailed information on the spectral weight function than what has been extracted from exhaustive angle-resolved-photoemission studies in the cuprate superconductor case.
Summary
Using the spectral-weight function of the one-particle Greens function as an example, we have attempted to illustrate the rich many-body physics of the twodimensional electron gas system. Compared to other strongly correlated fermion systems, the 2DEG has the advantage that it is accurately described by a simple translationally invariant model of fermions interacting via long-range forces. The band structure of the host semiconductor enters only through an effective mass parameter which is accurately known. At strong magnetic fields, the 2DEG exhibits a rich variety of strong-correlation physics that has been widely studied in connection with the fractional quantum Hall effect. In this regime, 2D tunnelingspectroscopy experiments have demonstrated that the spectral weight has a wide and deep gap around the chemical potential. The size of this gap can be related to the ground-state correlation energy of the system by invoking a first-moment sum rule for the spectral function. To date, most experiments on 2D electron systems in the absence of a field have been performed in situations where the electrons are moderately correlated. Experiments show clear Fermi liquid behavior, which is evidenced in 2D tunneling-spectroscopy experiments by a peak in the tunneling conductance at the Fermi energy. The quasiparticle lifetime can be extracted from these measurements and is in qualitative agreement with a simple random-phase approximation for the electronic self-energy in the Fermi-liquid state. Systems with lower electron densities, which are becoming available because of continuous advances in the epitaxial growth of semiconductor quantum wells, are expected to be more strongly correlated. We propose that, in this regime, the spectral function will develop peaks away from the Fermi energy that are analogous to both those which occur at strong magnetic fields and to the lower and upper Hubbard-band peaks thta occur in strongly correlated lattice models. As new frontiers in materials preparation are reached, it will be possible to confidently compare theory and experiment for extremely strongly correlated Fermi-liquid states. For the 2D electron gas, tunneling spectroscopy provides a uniquely powerful probe of a strongly correlated Fermi liquid. The open many-body physics questions in the low-density 2D electron gas have a large overlap with open issues in the many-body physics of other systems, and especially with the physics of planar high-temperature-superconductor materials. 
